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1 Lagrangian Mechanics

Newtonian mechanics is most naturally written in terms of inertial Cartesian coérdinates of
one or more particles. But often it’s more convenient to describe a problem in terms of a
different set of variables, such as spherical or other non-Cartesian coordinates, non-inertial
coordinates, or even variables which combine the coérdinates of different particles (e.g. the
center-of-mass and relative position vectors in the two-body problem). In each of those
cases, we've had to start with the inertial Cartesian formulation, and deduce the form of
the equations of motion in terms of the more general sets of coordinates. The fundamental
reason why things are so much easier in Cartesian coordinates is the vector nature of the
equations of motion written in terms of the force F. It turns out that by concentrating on
scalar expressions like the energy, we can formulate mechanics in a way that is equivalent for
any set of coordinates, Cartesian or not. That formulation is called Lagrangian Mechanics.

1.1 Derivation of the Lagrange Equations
1.1.1 Newton’s Second Law from Scalar Functions

First, let’s make an observation about Newton’s second law:

. dj_
mi= = F (1.1)
If the force is dependent only on position, and conservative, it can be written in terms of a
potential V(z, vy, 2)
F=-VV (1.2)

written out in terms of components, this means the components of the force can be written
in terms of derivatives of the kinetic energy.

ov
F,=—— 1.3
e (1.3)
ov
F,=—— 1.3b
ov
F,=—— 1.3
0z (1.3¢)
On the other hand, since the kinetic energy is
1 g2 1 1 1
T(i,9,2) = gm|i| = gmi® + omy’ + om3* (1.4)

the components of the momentum can be written as partial derivatives of the kinetic energy:

. JdT
Py =my = 3_y (1.5b)
P, =mz = ?B_Z (1.5¢)



So we can write the equations of motion starting from the scalar functions T'(z,y, 2) and

V(z,y,2):
% (g—:) = _((99_‘;; (1.6a)
% (g—g) _ _%—Z (1.6b)

For a system of N particles with forces determined by an overall potential energy V ({zx}, {vr}, {2 }),
everything goes as before and the equations of motion can be written in terms of derivatives
of V' and the total kinetic energy T'({Zx}, {Ux}, {2x})

d (0T ov

d (0T oV

- S 1.

d (0T ov

u (3_zk> -5 (1.7¢)

1.1.2 Non-Cartesian Examples
So far, this seems like nothing but an intellectual curiosity, but let’s see what happens if we

try to write Newton’s third law from scratch in non-Cartesian or non-inertial coordinates.

Polar Coordinates Consider a two-dimensional problem where we define polar coordinates
r and ¢ according to the usual convention

T =T1Cosp (1.8a)
y =rsin¢ (1.8b)
We can’t write down the equations of motion directly in these coordinates:
mi £ 7 - F 1.9a)
mo £ ¢+ F (1.9b)
because Newton’s second law takes the form
F =mr = m(i — r¢*)F + m(ré + 27¢)p = Fof + Fuob (1.10)

with the extra terms arising because of the non-constant polar coordinate basis vectors:

dr

— 7 0 (1.11a)
% 40 (1.11D)



The equations of motion are:

mit = F, + mrg? (1.12a)
mro = Fy — 2mi¢ (1.12Db)

Rotating Coordinates Consider another two-dimensional problem where we find it con-
venient to define coordinates rotating with angular speed w relative to the inertial Cartesian
coordinates. Those might be written explicitly as

" = xcoswt + ysinwt (1.13a)

*

y* = —xsinwt + y cos wt (1.13Db)
again, the form of Newton’s second law is not the simplest one:

mi* # @ F (1.14a)
mij* # 4 F (1.14D)

because of the rotation of the starred basis vectors. Instead, the equations of motion come

from
d*F
dt

asr
dt

mE T +mii* ) =m—— =F — & X (@ X 7) — 2@ X (1.15)

where W = wz
So again, the equations of motion contain correction terms compared to the Cartesian
forms.

Two-Body Problem In this case, the coérdinates of the particles are mixed up in the
components of the vectors

T=17] — T (1.16a)

~ M7+ Mo

R _t1T722 (1.16b)
my + Mo

Here the situation is even more extreme than just having different basis vectors. It’s not

even clear-cut how you define the “component” of force corresponding to, for example, x or

Z.

1.1.3 Generalized Coordinates

In all those cases, we would get the equations of motion by starting from the Cartesian
form of Newton’s second law and converting the resulting equations of motion. We’d like,
instead, to find a generic method, starting with kinetic and potential energy, to construct
the equations of motion directly in any set of coordinates.

So, suppose we have N particles moving in three dimensions. There are then a total of
3N Cartesian coordinates: x1, y1, 21, T2 ...Yyn, and zy. For notational convenience, we’ll
define the symbol X, to refer to any of the 3N Cartesian coordinates, labelled as follows:

X1 = a1, X2:y17 ngzl, X4:l’2, cvey X3N:ZN (]_].7)



We refer to the whole list of 3N Cartesian coordinates by any of the following:
{I‘l,yQ, cee ZN} = {Xl, XQ, ce ,XgN} = {ng =1... SN} = {Xg} (118)

We can also describe the same system a different set of 3N generalized coordinates, which
we refer to as

{1,902, s} ={axlk =1...3N} = {qx} (1.19)

If this is a good set of codrdinates, we should be able to work out the generalized coordinates
of a particle given its Cartesian coordinates, although that relationship may be time-dependent.
So we can write each of the generalized coordinates as a function of the full set of Cartesian
coordinates and time:

@ = qe({X¢}, ) (1.20)

and if this is a good coordinate mapping, we should also be able to invert the relationship
and write each Cartesian coordinate as a function of the full set of generalized coordinates
and time:

Xo=Xe({qr},t) (1.21)

Example: Polar Coordinates In this case, it’s only a two-dimensional problem, so
“3N”, the number of Cartesian coordinates is only 2: X; = z and Xy, = y. The generalized
codrdinates ard]

q=1=\r*+y? (1.22a)

g2 = ¢ = tan™" (g) (1.22b)
x
The inverse transformation is
X;=x=rcos¢ (1.23a)
Xo =y =rsing (1.23b)

Example: Rotating Coordinates Once again, in this two-dimensional problem, “3/N”=2.
Now, the coordinate transformation is explicitly time-dependent:
¢ = x*(z,y,t) = xcoswt + ysin wt (1.24a)
@ =y (x,y,t) = —rsinwt + y coswt (1.24b)

1.1.4 Coordinate Transformations and the Chain Rule

Now we want look for a set of equations of motion in generalized coérdinates, something like
the equations of motion ([1.7]) in Cartesian codrdinates, which in our streamlined notation

e d (0T ov
— - = — (1.25)
!Technically, the expression for ¢ is a little more complicated, since the principal value of the arctangent
is between —7/2 and 7/2, which is only the case if 2 > 0; we should actually specify something which adds

or subtracts m if x < 0 to give the correct angle for negative x. Computer programming languages define
such a function, and the correct expression is phi=atan2(y,x).




note that this holds for any value of ¢, so it represents all 3N equations of motion.
Our strategy is going to be to work out the corresponding partial derivatives of the scalar
functions

V{a}t) = VI Xe({ar}, 1)} 1) (1.26)

and

T({a} {@}. 1) = TUXe({ar}, (@}, O)}) (1.27)

in term of the derivatives {g—)‘é} and {g—é} and see what the consequences of ((1.27)) are.

Derivatives of Potential Energy Let’s start with the potential energy, since it’s simpler.

We want the partial derivative %, which is the derivative with respect to one particular g

(for one value of k) with all the other gs (for all other values of the index), as well as time,
treated as constants. The chain rule tells us how to calculate this derivative, if we realize
that V’s dependence on ¢ comes through the ¢, dependence of all the {X,}s:

oV 9V X, OV 0X, OV OXgy SZN: vV X,
(=1

— = + + ...+ — _— 1.28
Oqy 0X, Oq 0Xs Oqy, 0Xsn Oqx 0Xy Oqi, ( )

Total and Partial Time Derivatives So far, so good. Things get a little trickier with
the kinetic energy, since we have to consider the velocity X,. In a sense we have two different
perspectives on the behavior of X, as a function. On the one hand, the inverse codrdinate
transformations define it as just a function of some arguments ¢, ¢2, ...q3n, and t. We
can take a partial derivative with respect to any of those arguments, treating all the others,
formally, as constants. That is the meaning of the partial derivative

X,y _ (@) (1.29)
ot M )

On the other hand, X/, as a physical quantity, has some actual time dependence determined
by the trajectories of the particles in the problem. So from that point of view, it’s just a
function of one variable, time X,(t). The relationship between the two comes about because
the actual trajectories of the particles also imply some physical time dependence for the
generalized coordinates as well. The time dependence of the Cartesian coordinates can be
determined from the time dependence of the generalized coordinates and the coordinate
transformation:

Xo(t) = Xe({ar(t)}, 1) (1.30)

The velocity X, is the time derivative of the actual physical trajectory X, ¢(t) and is this a
total (not partial) derivative, which can be calculated using the chain rule. Explicitly, if we
think about advancing an infinitesimal amount of time d¢, all of the generalized coordinates
will change by infinitesimal amounts {dg}, inducing a change

3N
X X
dX, = qukﬁLth (1.31)
1 8qk ot



in the Cartesian coordinate. The time derivative is just this infinitesimal change divided by
the infinitesimal time change dt:

ng Zan qu an dt ZaXz

1.32
O, dt | ot dt (1.32)

The partial derivatives { %—f;f} and %

the functional dependence of the Cartesian velocity is X,({qx}, {dx},1)-

As an example of how this works, we return to one of our three canonical examples, this
time the rotating coordinates ¢ = x* and ¢» = y*. The inverse coordinate transformations
are

are, like X, functions of {gx(t)} and ¢. This means

X =x=2z"coswt — y* sinwt (1.33a)
Xy =y =2a"sinwt + y* coswt (1.33b)

Focussing on z, the partial derivatives are

ox ox

ox ox _

oy ((9y*> = — sinwt (1.34b)
ox ox . .

5 = (E) = —wx*sinwt — wy* coswt (1.34c)

On the other hand, the x component of the velocity, which is the total time derivative, is

& = g" coswt —y" sinwt —wzr™ sin wt — wy* cos wt (1.35)
T/d_*/\ N >
€T XT *
DzF di aa;* dgt %f

The corresponding derivatives of y are left as an exercise.

1.1.5 Partial Derivatives of the Kinetic and Potential Energy
In Cartesian coérdinates, the kinetic energy 7T is a function only of the velocities {X,}:
3N

1 . 1 ) 1 .
§m2x§ . §mNZz2V = ; §M4XE2 (1.36)

1
T = —mlx'% +

)
—miz; +
2 e

1 9
—miy; + 9

2
(where we have defined the notation M; = My, = M3 = my, My = Ms = Mg = my
M3y o9 = M3y = M3y = my). But since the velocities {X,} are functions in general

of the generalized coordinates {g;} and time ¢ as well as the generalized velocities {qy}, the
kinetic energy depends on all of those things when written in generalized coordinates:

T({Xe}) = T{ar}, {dx} 1) (1.37)



So the derivative we're interested in is g—i, a partial derivative with respect to one ¢ with

all the other ¢;ss, plus all of the gs and t treated as constants. The chain rule tells us that

T 5 T 0X
e <= 0X, Odn

So the thing we need to relate one set of partial derivatives to the other is ﬁ for each
possible choice of ¢ and k. We can actually look explicitly at the ¢, dependence by writing

OUt -.
. 8Xg an axe 8X£
Xeza—l(h‘l'a—QC]ri' +83NQ3N+ o

As we’ve noted before, all the coéfficients like a)q(f and BX" will depend only on {gx} and ¢,
and not on ¢. In fact, for each possible value of k, only one term contains ¢; for example,

if kK =5 the only term which gives a non-zero contribution to the partial derivative % is

(1.39)

0X, 0 (axg . ) 0X,
il (il = 1.40
945 945 \ 9gs @ 9qs ( )
So for a general k, we find that '
0X, 0Xy
- 1.41
A4 Oq ( )
which means that . ' .
oT 8T@:Z or 0x, (1.42)

040X, 00— 0X, Oy

So now we have g—q.Tk from (|1.42) and gTVk from ((1.28]). To write something analogous to

(1.27)), we need to take the (total) time derivative of this. So we differentiate ((1.42), using
the sum and product rules:

< )_N[ ( )@XuaTi(axgﬂ
dir) 0X,) Oqr ~ 0X,dt \ Oq
3N 3N
d (0T \ 0X Z oT d [0X
< dt \9X,/) Oqx <= 0X,dt \ g

The first sum can be simplified by using the equation of motion ([1.27)) and the chain rule:

M

(1.43)

S(PLy N s (v ox o (144
—dt \oX,/) dac =\ 9X¢) Ou Aqp, '

The second sum, which is the correction arising from the use of generalized coordinates, can
be evaluated by noting that %—;(If, like X/, is a function of all the ¢us as well as time, so we



can write its total time derivative as

axg) (axg) dgw O (axe> al ( 02X, ) _ (8Xg )
+ (5= — v+ | 55—
(aqk ; o0 \oa ) a2 \ow ) = 2= \oawou ) % \ G

k'=1

0 | 70X, 02X, X, (1.45)
- - ; 4+ - - °
gy, [Z (8611«) . ( ot ) gy,

A k'=1

Plugging this back into (1.43)) gives us

d (/0T ov X ar ax, ov  oT
=)=y e e (1.46)
dt aqk 8qk —1 an 8Qk aq}c 8Qk

where in the last step we have used the chain rule applied to

T({ar} {dn},t) = T (Xe({{ar}, {4}, 1)) (1.47)

So this means the equations of motion (Newton’s second law) are equivalent to

d (0T 0O
— =) =T -V 1.48
(52) gtr=1) (1.48)
Now, since V' is just a potential energy and depends only on the coordinates and time,
ov
i (1.49)

so we can make the equation look more symmetric by adding zero to the left-hand side and

writing
d (0 0
— | = (T - T — 1.
i (GeT-1) = =) (1.50)

The quantity appearing in parentheses on both sides of the equation is called the Lagrangian
L=T-V (1.51)

Note that this is kinetic minus potential energy, as opposed to the total energy, which
is kinetic plus potential. We’ve now shown that for any set of generalized coérdinatesﬂ
Newton’s second law is equivalent to the full set of Lagrange Equations:

d (OL\ 0L
E(a_q,)_a_qk_o k=1,2,...,3N (1.52)

This is the generic form we were looking for. All we need to do is write the kinetic and
potential energies in terms of the generalized coordinates, their time derivatives, and time,
and we can find the equations of motion by taking partial derivatives without ever needing
to use inertial Cartesian coordinates.

2which can in principle be related by a codrdinate transformation to the Cartesian codrdinates for a
problem with forces arising solely from a potential energy

10



1.2 Examples

Let’s return to our three examples of generalized coordinates and see how we obtain the

correct equations of motion in each case:

1.2.1 Polar Coordinates

Recall that here the total number of coordinates “3N” is 2, and the Cartesian and generalized

coordinates are

Xi=z Q=r
Xo=y @=¢
The kinetic energy is
1 1 .
T = §mf2 + émr2¢2
which we can obtain either directly by considering the infinitesimal distance

ds* = dr? +r* d¢?
associated with changes in r and ¢, or by starting with

1 1
T = 5m:j:Q + 5my‘2

and making the substitutions

T = ﬁcosgb—rgz.ﬁsingb

§ = rsing + rocosd

(1.54)

(1.55)

(1.56)

(1.57a)
(1.57b)

Meanwhile the potential energy V (r, ¢) is a scalar field which can be described equally well

as a function of the polar coordinates. So the Lagrangian is

1 I
L= Emf“Q + §mr2¢2 —V(r,¢)

Lagrange’s equations are

11

(1.58)

(1.59)

(1.59D)



so to apply them we need to take the relevant partial derivatives:

oL
or
oL
90
oL
o
oL
%
d (0L
(o)

d (0L
i (3)

So the equations of motion are

We can verify that these are the same equations of motion given by

in the vector approach, in which

and, thanks to the position and therefore time-dependent basis vectors

. A%
2
=mro° — —
¢ or
oV
O
=mr radial compt of momentum
= mr% angular momentum
=mr

= mr%g + 2mr7”g5

mr = mrq52 — %—Z
mrg + 2m7’7"g{5 = —g—‘;

mr = —VV

dr .
%—cbcb
do "
a7

the acceleration is calculated via

F=ri = =g

to give the equations of motion

+ r¢g£ =

mr = (mr — mrq§2> 7+ (mrqb + 2m7'“gz.5>

P =P+ 270 + rdp — rd?i

(1.60a)

(1.60b)

(1.60c)

(1.60d)
(1.60e)

(1.60f)

(1.61a)

(1.61D)

(1.62)

(1.63)

(1.64a)

(1.64D)

(1.65)

(1.66)

Equating the r and ¢ components of the vector expressions (|[1.66|) and (1.63]) gives the same

equations of motion as (|1.61)).

12



1.2.2 Rotating Coordinates
Here again the total number of coordinates “3N” is 2, and the Cartesian and generalized
coordinates are
Xi=u G=x"
Xo=y =y
To get the kinetic energy, we really need to start with the inertial form and transform it
using
T = (2" — wy") coswt — (¥ + wa™) sinwt (1.68a)
Y= (2" —wy")sinwt — (" + wz™) coswt (1.68Db)

which makes the kinetic energy

1 1 1 1
—mi? + —my?) = —m(i* — wy*)? + —m(yF + wat)?
2 2 2 2 (1.69)

and the Lagrangian
L=T-V(z"y",t) (1.70)
so that the partial derivatives are

oL , . OV

o mwy” + mw rt — e (1.71a)

ggf; = —mwi* + mw’y* — g; (1.71b)

gi; =ma" — mwy” (1.71c)

gg; =my" + mwz” (1.71d)

% <(§x€) = mi* — mwy" (1.71e)

% (g;) =my" + mwy" (1.71f)

So that the equations of motion are

%gﬁk - gsﬁ* =mi" — <2mwy* + mw?z* — 23‘;:) =0 (1.72a)

%gyﬁ - gy[:‘ =mij* — (—2mwj:* + mw?y* — g;) =0 (1.72b)

And one can easily check (exercise!) that these equations of motion are the same as those
given by the non-inertial coérdinate system method including fictitious forces.

13



1.2.3 Two-Body Problem

In this case, 3N = 6 and the Cartesian coordinates are the six components of the two position
vectors 71 and 75, while the generalized coordinates are the six components of the vectors
R and 7. The most interesting part about the construction of the Lagrangian is the kinetic
energy, which can be obtained by differentiating the inverse coérdinate transformations:

mao

=R+ —>—F (1.73a)
mi + Mo

m=R- "1 F (1.73b)
my + Mo

to get

PRy (1.74a)
mi + Mo

=R (1.74b)
mi + mo

The kinetic energy is thus

r - - 1 - - 1 = 3 mimg - = 1 mlm% Lo
T=— . — : = = R-R 7“"?/}% -7
2m17”1 r + 277127’2 T9 2M1 + — + 5 (ml n m2)27“ T

1 = % mme -5 1 mimy .
+—mR'R—7'(T,'/R'+——T'T 1.75
2 1+ Mo 2 (mq + my)? ( )
1 2)Mims -,

1 L5 . 1 S T
= R-R+= F=-MR-R+ ~ur-7
2(m1+m2) —1—2 (m1+m2)z rr=g +2,ur 7

And this is actually a more direct way of showing the equivalence to the one-body problem.
Furthermore, if the potential energy depends only on the distance |7 — 75| = |F| = r between
the two bodies (central force motion with no external forces), the Lagrangian becomes

L=_MRB R+ -pi-#—V(r) (1.76)

2 Lagrangian Formulation with Constraints

2.0 Recap

Recall that a system of N particles moving in 3 dimensions has a set of 3N Cartesian
coordinates {X,}:

Xl = X, X2:y17 X3:,Zl, X3N:ZN (21)

Newton’s second law in in the presence of a potential V' is

i(a_,T):szQ:_a_v (=12 3N (2.2)
it \ 0%,



where

N
1 2
T({Xe}) = ; §M2(Xe> (2.3)
is the kinetic energy, and
My = My = M3 = my, e Msn_9 = M3n_y = M3y = mpy (2-4)
This is a special case of the Lagrange equations
d (0L oL
—|(——)—-—==—=0 (=1,2,...3N 2.5
a (m) o 2 (2.5)
where L =T"— V is the Lagrangian. Similar equations hold in any set of 3N “generalized”
coordinates {qi}, i.e.,
d (0L oL
— =) —=—=0 k=1,2,...3N 2.6

2.1 The Springy Pendulum

As an example, consider a pointlike pendulum bob of mass m attached to the end of a spring
of spring constant £ and unstretched length b, moving in a plane under the influence of a
constant gravitational field of magnitude g. Choose as generalized coordinates the (actual,
instantaneous) length ¢ of the spring and the angle o between the spring and the vertical.
These are something like polar coordinates, so the kinetic energy of the bob is

1 ., 1
T = —ml® + —ml*a* (2.7)
2 2
There are two sources of potential energy: gravity and the spring. The gravitational potential
energy can be worked out with a little trigonometry as —mg¥ cos «, while the potential energy
in the spring is %k(@ —b)2. So the Lagrangian is

L= %mfz + %mEQdQ + mgl cosa — %k(ﬁ —b)? (2.8)
The relevant derivatives are
?3_? = mla* + mgcosa — k(¢ —b) (2.9a)
g—i = —mgsina (2.9b)
(9_[5 = ml (2.9¢)
ol
oL 5
= ] 2.
o me*c (2.9d)
d (0L
@ (oL _ 2.
o (66) ml (2.9¢)
2 (=) = 9 2.9f
p ((90'4) mel=c + 2mllc (2.9f)

15



which makes the equations of motion

ml = mla? 4+ mg cos o — k(£ — b) (2.10a)
ml%i + 2mllé = —mglsin o (2.10Db)

Note that, if we define a unit vector { in the direction of increasing /¢ (i.e., radially outward),
the force due to the spring is

Fipring = —k(0 — )¢ (2.11)
and this is reflected by a —k(¢ — b) which appears in the { equation.

What if there were a rod rather than a spring, so that the ¢ coérdinate were fixed to be
b? Physically, the rod would provide an additional radial force (pushing or tension) which
was just what was needed to keep ¢ constant.

The key thing about a constraining force (e.g., tension, normal force, static friction) is
that we don’t know it a priori at each instant or at each point in space. It has to be just
enough to keep the particle’s motion consistent with the constraint.

If we write the tension in the rod as A (which could be negative if the rod is pushing
rather than pulling on the pendulum bob), the equations of motion are

ml = mla? + mgcosa — \ (2.12a)
ml?é + 2mlla = —mglsin a (2.12Db)

And additionally there is a constraint
=50 (2.12¢)

The tension A at any time is only worked out after the fact from the actual trajectory.
There are two ways to obtain the equations of motion (2.12)) from a Lagrangian formalism:

1. Since one of the coordinates is a constant, we can make the substitutions £ = b, (= 0,
and ¢ = 0 into (2.12b]) and get

2.

mb“é = —mgbsin « (2.13)

which are Lagrange’s equations if we start with the reduced Lagrangian
1
LYo, a,t) = §mb2d2 + mgb cos a (2.14)

In the reduced Lagrangian, the constraint is satisfied and only the unconstrained “de-
gree of freedom” « is treated as a generalized coordinate.

2. We can instead treat ¢, a, and \ as the variables and look for a Lagrangian Z(é, a, N0, N, t)
which gives the equations of motion ([2.12)).

If we note that

0
A= —(— 2.1
A (%( () (2.15)
we see that P
ml —mle* = mgcosa — A = = (mgl cosa — M) (2.16)

o
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so we would get the right equation for £ if we add —A¢ to the Lagrangian:

~9 1 . 1
L= §m€2 + §m€2d2 +mglcosa — N (2.17)

That’s not quite right, though, since if we take the derivatives associated with the
tension, we get

oL

- —/ (2.18a)
o _, (2.18D)
o\

d (0L

since the constraint is £ = b, not £ = 0. But if we add A(b— () instead of —\¢, we don’t
change g—i and we do get

oL d (oL
a_b—ﬁ_o_£<§> (2.19)

so the constraint is just the Lagrange equation associated with the unknown tension
A

So we can describe the pendulum with the Lagrangian

~ 1 . 1

I — §m£2 + §m€2d2 +mglcosa+ A (b—1Y) (2.20)
~ v Lagrange .onstraint
T multiplier

In Cartesian coérdinates (centered at the support point of the pendulum) the constraint

is
b—vat+y2=0 (2.21)

so we can’t just eliminate one coordinate by setting it to a constant. In this case, the
constraining force has components in both directions. Since

cosa = ———F (2.22a)

vVt +y?
, x
sina = ——— (2.22Db)

if we call the tension 7 and let A be + )f) (with the sign depending on whether Tisa pull
or a push), then

T,=—Asina = — v 2 (b —Va?+ y2> (2.23a)

x? + y? ox
Y 0
Ty:)\COSOé: —m = 8_y (b— \/ $2+y2> (223b)
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so, again we get the right equations by adding A times the constraint to the Lagrangian:
~ 1 1
Lz, y, A\, &, 9,t) = §mi‘2 + §mz'/2 +mgy + A <b —\a? + y2) (2.24)

The circle defined by ¢ = b is called a surface of constraint. The tension in the rod is
directed radially, i.e., perpendicular to that circle. In polar coordinates, we can write the
constraint as h(r, ) = b—r = 0 and note that Vh="ris perpendicular to the surface of the
constraint, so the constraining force —Ar is parallel to Vh.

2.2 Constrained Systems in General

Think about the general case with 3N Cartesian cordinates for N particles and require these
to satisfy ¢ constraints

hi({Xe}) =0 (2.25a)
ha({Xe}) =0 (2.25b)
hc({Xe}j =0 (2.25¢)

Each constraint has an associated constraining force which acts on each particle. For one
particle, the force corresponding to the jth constraint, which might be called ﬁj, will be
perpendicular to the surface h;(7) = 0, and thus be parallel to ﬁhj. so we could write it as
F’]‘?"“St = )\jﬁhj. For N particles, the force associated with the jth constraint, acting on the
ith particle, will be

Feomst = \;V;h; (2.26)
In our current notation for Cartesian coordinates, this makes the equations of motion
d (9T . OV ., Oh;
—— | =MX = ——— \i—~ 2.27
dt (axg) e aXﬁ; I0X, (2:27)

Now, although we know the directions of the constraining forces, their strengths {\;[j =
1...c} are unknown, which means there are 3N + ¢ unknowns

X17X27---7X3N7)\17)\27---a>\c (228)

We have a total of 3N + ¢ equations of motion: the 3N dynamical equations (2.27) plus
the ¢ constraints (2.25). Now, we can turn the unconstrained differential equations into the
constrained ones by replacing V' with V' — 25:1 Ajh; so if we define a modified Lagrangian

L=L+Y Nhj=T-V+> \h; (2.29)

j=1 j=1

we will get the right equations of motion. First, if we hold all the {)\;} constant in the
derivatives,

d [ 0L d [ 0L N oV K. Oh;  OL
2= 1= =)= MX,=_-——" ) = 2.
dt (axg) dt (ax) T Tox, T Z Nax, T ax, (2.30)

J=1

18



On the other hand if we take a partial derivative with respect to each \;, holding the {X,}
and {X,} constant,

L = Oy d (oL
— haldX WV =h.{XVW=0=— | == 2.31
3%, =22 ox WO =hxh =0 ( mj) (2.31)
=1~
0 if j'#j
1if j/=j
So the 3N + ¢ equations of motion are
d [ oL oL
—— ] —=—=0 (=1,2,...3N 2.32
d (oL oL
— | — ] —-—==0 k=1,2,... 2.32b

This is called the method of Lagrange undetermined multipliers. The modified Lagrangian is
a function of 3N +c “codrdinates” { X1, X, ..., Xan, A1, Aa, ..., Ac} and their time derivatives
(it happens to be independent of {\;})

LU A H AX ) 1) = DU O AX ) 1) + Z Ajh;({Xe}) (2.33)

Now, we could replace these 3N +c coordinates with 3V +c different ones, and the equations
of motion would still come from applying Lagrange’s equations to L.

Suppose we manage to choose those in such a way that ¢ of them are just the constraints,
c of them are still the Lagrange multipliers, and the remaining

3N —c=: f (2.34)

are something else. Then f is the number of “degrees of freedom” which is just the number
of unconstrained “directions” the system can move in. the old and new coordinates would

be

Old: Xl Xz c. Xf Xf+1 ce Xf+c )\1 c. /\C
New: | ¢1 | @2 | ... | q aq Qe Ao A

Substituting the inverse transformations X, = X,({qelk = 1... f},{a;|lj = 1...¢}) into
the modified Lagrangian, we’d get the form

L({ar} {a5} A0} ddd a3, 0) = Ll{ands {as} e}, {053, 0) + Z Aja; (2.35)
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The Lagrange equations are then

d oL oL 0L
da _dfoL) _oL _ oL 2.36
it (aqk) i | ~ 90~ 0an (2.36a)
d oL oL  OL
@ L P Y 2.36b
dat (aaj) i, )~ 0a;  da, T (2.36b)
oL oL
_ 4oLy _oL 2.
0 dt o5, o, a; (2.36¢)

e Now, the last set of Lagrange equations tell us we can impose the constraints and set
a; = 0 for j = 1...cin the other two.

e The second set is only really needed if we care about the constraining forces, i.e., the
Lagrange multipliers A;.

e The first set tells us

d (0L oL
— =) - = =0 k=1... 2.37
th (m) aq;j B=0 =0 d (237
If we define the reduced Lagrangian

L ({an} A}, t) = L{a} {a; = 0}, {an}, {a; = 0}, ) (2.38)

then the Lagrange equations are equivalent to

d aLred) 8Lred
— - — =0 k=1... 2.39
( Oqk gk i ( )

This means that if a system is constrained to have only f degrees of freedom, we can formulate
the Lagrangian as a function of the f generalized coordinates and apply the usual Lagrange
equations. as long as we don’t care about the constraining forces.

2.3 Example: The Atwood Machine

As an example of how to apply the method of Lagrange multipliers to a constrained system,
consider the Atwood machine. This consists of two blocks, of masses m; and ms, at opposite
ends of a massless rope of (fixed) length ¢, hung over a massless, frictionless pulley, subject
to a uniform gravitational field of strength g. This is illustrated in Symon’s Fig. 9.5. Symon
considers this system in the reduced Lagrangian approach in Section 9.5.

We are looking for the acceleration of each block, and possibly also the tension in the
rope.
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2.3.1 Lagrange Multiplier Approach

Here we will use the modified Lagrangian approach, with a Lagrange multiplier corresponding
to the unknown constraining force, here provided by the tension in the rope.

We define generalized coordinates x; and x9, which are both supposed to be positive, and
refer to the distance of each block below the pulley. The constraint here is that the fixed
length of the rope is £ = x; + x5. To construct the modified Lagrangian, we need the kinetic

energy

1 1

and the potential energy
V = —mygxry — mogrs (2.41)

(since the height of each block above the pulley is —z; or —z5). The modified Lagrangian is
then

~ 1 1
L(Il, T2, /\7 I.'l, yl, t) = T—V+)\(€—x1—x2) = §m1x%+§m2x§+m1gac1+mggx2+)\(€—x1—xQ)
(2.42)
and the equations of motion are
d [ L oL
h=—|=—]|==—= - A 2.43
i dt <8x1 (99(:1 g ( a)
d (L oL
to=—|=—|==—= - A 2.43b
Mt dt (89{;2 3172 m29 ( )
d (0L\ oL
=—|—|==—=0—x— 2.43
dt (m B T (2.43¢)

Since a positive tension will produce a force which tends to try to decrease x; and x5, the
tension in the rope is A > 0.

To get separate equations for #; and &5, we take time derivatives of the constraint (2.43c)
to say

i‘l + i’g =0 (244&)
1 +22=0 (2.44b)
and so we can substitute s = —#;. We might also need r5 = ¢ — x; in a more general

problem, but here the equations of motion turn out to be independent of x,.

To eliminate A from (2.43al) we solve ([2.43b)) for
and then substitute in to get

miZy = myg — Mad1 — Mayg (2.46)
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which can be solved for
mq — Mo

= —"7 2.47
“ mi + Mo g ( )
and then
.. .. mo — My
-y 2 2.48
2 o mo —+ ma ( )
and finally
. —mi + Mg + M1 + Mo 2m1m2
1(#1 +9) 19( M + M ) M1+ ( )
which is the tension in the rope.
2.3.2 Reduced Lagrangian Approach
The other way to handle this problem is to make the replacements xo = ¢ —x; and &5 = —1
at the level of the Lagrangian, and obtain the reduced Lagrangian with one degree of freedom:
. T | . 1 .
L(xy,11,t) = §m1x%+§m2(—x1)2+mlgx1+mgg(€—:r1) = 5(m1+m2)x%+(m1—mg)gx1+mgg€
(2.50)
The equation of motion is then
d (0L oL
ii=—(=—|=-—= — 2.51
(m1 + m2>$1 di (aI1> 81’1 (ml m2>g ( )
or
.. my — My
I =—7" 2.52
' mi + msy g ( )

It’s a lot simpler to get the equation of motion from this approach, but we don’t get the
value of the tension.

3 Velocity-Dependent Potentials

So far we’ve started from the Newtonian picture and seen how to derive a Lagrangian for each
class of problem. Once we’d justified the Lagrangian approach, we were able to construct the
Lagrangian in generalized coordinates directly. Now, let’s go a step further and start with
a Lagrangian, and see what sort of systems it describes. The Lagrangian is, in Cartesian
coordinates for a single particle,

.12
r

L(r 7 1) = smlf| — Qe + @F A (3.1)

where @) is a constant, ¢(7,t) is a scalar field, and fT(F, t) is a vector field. Note that

Qp(7,t) — Qr - A(F, 1) (3.2)

plays the role of the potential energy V', but now it depends on 7 as well as 7. This sort of
Lagrangian is associated with a “velocity-dependent potential”.
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Writing the Lagrangian out explicitly,

1 1 1
L= §mj:2 + §my2 + §m22 — Qo+ QA + QuA, + QZA, (3.3)
where A,, A,, A., and ¢ are all functions of z, y, z, and ¢.
Let’s focus on one Lagrange equation, the one corresponding to the x coordinate. The
relevant derivatives are

L
— —mi A 4
oy~ mit QA (3-4)
and then, using the chain rule to evaluate the total time derivative,
d OL . dA, . 0A, . 0A, . 0A
E%—mx+ o _mx+Q8x$+Q8yy+Q8 (3.5)
and finally, because the Lagrangian depends on x through the fields A and v,
8L
Now, the Lagrange equation is
_doL_ oL
Cdtor Oz
L 0K 0A, 0A, DA, Dy / 04,
= mi Qi QU Qi Qg Qg — @, 9, Qz
. 0A, Op . (0A, 0A, . (0A, 0A,
_mHQ< ol 3x) +Qy( 3y %) +Qz< 9 3x>
(3.7)
which we can solve for
. dp 0A, |04, 0A, 0A, O0A,
mx_Q({ oz 8t}+y[(% 8y] [az_axD (3:8)

The first expression in brackets is the x component of —ﬁgp — the second expression

8t ’
in brackets is the z component of V x A, and the third expression in brackets is the y
component of V x A. But if we interpret ¢ as the scalar potential and A as the vector
potential of electrodynamics, these are just components of the electric and magnetic fields

. o 04
B=VxA (3.9b)
SO B . R
mi = Q(E, + yB.— 3B, ) =i |Q(E+7x B)] (3.10)
—_——

x compt of ¥ x B
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The calculations for the y and z components of the acceleration are similar and the Lagrange
equations arising from

2—@¢+Q?-A’ (3.11)

1 .
are just the components of the Lorentz force law
m%=Q<E+F’>< E) (3.12)

More on this example in the future.

4 Conservation Laws

4.1 Conservation of Momentum and Ignorable Coordinates

Recall conservation of momentum in Newtonian physics:

di . .
d—isz:F:—vv (4.1)
ov
Pz = mZ = constan if - (4.2a)
ov
py = my = constant if En =0 (4.2b)
p. = mZ = constant if aa—v =0 (4.2¢)
z

If V is independent of one of the Cartesian coordinates, the corresponding component of the
momentum is a constant of the motion.
In Lagrangian mechanics, with generalized coordinates,

d oL 0L
— = (4.3)
dt 9q,  Oqx
so if L is independent if one of the coordinates g, the corresponding quantity g—qu is a
constant. We call this the generalized momentum
oL
‘ Oqk (4.4)

(This definition applies in general, even if 887]; # 0.) The generalized momentum is sometimes
also called the canonical momentum. We say that a given py is canonically conjugate to the
corresponding g.
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For Cartesian coordinates, this is just one of the components of the momentum of one of
the particles.

0L

Pei = 5 = m; (4.5a)
oL .
Pyi = 0 = my; (4.5Db)
L
Pzi = gzz = mgz; (4.5¢)

(7 is particle label)
As an example of the definition of generalized momenta for non-Cartesian coérdinates,
consider the Lagrangian for a single particle in two dimensions, described in polar coordinates:

1 1 -
L= imf’Q - §mr2¢2 —V(r,¢) (4.6)
the generalized momenta are
oL
oL 5
= —=mr 4.7b
Pe= 53 ¢ (4.7b)
Note that these are not just the components of the usual momentum vector
7=mif+mrood (4.8)
In particular, R
P F QP (4.9)

(For one thing, the two quantities have different units!) Thus p, refers to something different
than it did last semester. There’s not really an ideal way around this notational hassle. We
could write p; for q% - Dy, but we wouldn’t want to have been doing that all along. Another
convention would be to call the generalized momenta {7} rather than {p;}, but that’s also
potentially confusing.

In fact, there is a physical interpretation for p,: it’s just the 2 component of the orbital
angular momentum of the particle:

Do = mrip =1L, =% [ X (mf’)] (4.10)

Another example where the generalized momenta are not the components of the ordinary
momentum vector is in the electromagnetic Lagrangian we consdidered last time:

.12 PN
7 —Qp+Qi-A (4.11)

1
L=-m
2

In Cartesian coordinates, we get, for example

oL
_ — i 4.12
Dy = 5 =mz + QA, ( )
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and similarly for the y and z momenta. Here the canonical momenta can even be combined
into a vector

Dedt 4 Pyl + pai = mr + QA (4.13)

Whether to call this “canonical momentum vector” p’ (or, for example, 7) is again a matter
of notational preference.

Returning to the original topic of conservation laws, if L is independent of ¢, then p; is
a constant of the motion (its time derivative vanishes as a result of Lagrange’s equations),
and ¢ is called an ignorable codrdinate.

So if the Lagrangian is independent of y (translationally invariant), the component of
momentum in the y direction vanishes. If it’s independent of ¢ (rotationally invariant about
an axis) the component of angular momentum along that axis vanishes. In general in Physics,
a symmetry is associated with a conservation law.

Note that it’s L that needs to be independent of ¢, not just V. For example, in polar
coordinates, the Lagrange equation associated with the r coordinate tells us

dp, dOoL OL .,
o _EE—E—mrqﬁ +— (4.14)

which does not vanish even if the potential V' is independent of r.

4.2 Conservation of Energy and Definition of the Hamiltonian

Recall conservation of energy, T'+ V = E = constant, i.e., %(T + V) = 0. How did that

come about in the simplest situation, one particle in one dimension with 7" = %mﬁ?

d dar dv

Z(T+V)=—+— (4.15)
where dar  dT'dz av
EZE%:mifé:i’F(x) :i(—%> (4.16)
(using Newton’s 2nd law) while
W _avie_iv, am
) ar __av is)
dt dt '

Note this only works because V' is independent of time. If we had V' (z,¢) with explicit time
dependence as well as that implicit in the x, we’'d get

Vv 9Vdr 9Vdt oV 9V

W - ord Tora - oa o (4.19)
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Now L =T — V; can we use Lagrange eqns to derive conservation of energy? Use chain
rule to find time derivative of L(t) = L({qx(t)}, {dx(t)},1)

! . !
L OLdg.  OLdg\ 0L d (OL\ . OL.\ oL
DS <8qk at " oge dt ) T ; <dt (aqk> et aqﬂ’“) ST

=1 = (4.20)

_d(§or YL oL
T\ &g, ) " o

d (<~ oL oL
If the Lagrangian has no explicit time dependence (% = 0), then
H = i 8_.Lq,k - L (4.22)
ey Y4k

is a constant of the motion. H is called the Hamiltonian, and is often but not always equal
to the total energy 7'+ V.

4.2.1 When is the Hamiltonian the Total Energy?

If you start from the Cartesian definition

3N

1 .
T=>Y ngX,f (4.23)
(=1
and substitute in
T ax,. 08X,

X, = +— (4.24)

= 9k
—1 8qk ot

which we found in Sec. ﬁ, you can see that T({qr},{qx},t) is in general made up of

pieces which are quadratic, linear and independent of the generalized velocities {g }:

fo 7 f

1 . .
T= Z Z EAk’k”({Qk}v t)qur i + Z By ({ar}s ) +To({ar}: t) (4.25)
k'=1k"=1 , k/'=1 ,
o ({ar ) 1) 1 (g} 1)

3Technically speaking, we only did this for completely unconstrained systems, but the introduction of
constraints to reduce the Lagrangian doesn’t change things; the expression given here is just the Cartesian
velocity in terms of the unconstrained degrees of freedom, once the constraints are imposed.
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We can show that

oT:
> i, =21y (4.26a)
= Ol
f
oT
Z a__lqk =T (4.26Db)
=1 Yk
/
aT;
> a—,oqk =0 (4.26¢)
ey YAk
So in general
H=2T+T —(To+ Ty +To—V) =Ty — Ty -V (4.27)

So the Hamiltonian is the same as the total energy T+ V if the kinetic energy is purely
quadratic, 77 = 0 = Tj so that T = T5.

4.2.2 Examples

Examples where H is or is not the total energy.

5 Hamiltonian Mechanics

So far: system w/ f degrees of freedom described by f generalized codrdinates {qx|k = 1... f}

A Appendix: Correspondence to Class Lectures

Date Sections | Pages | Topics
2005 February 15 | [1 1.1.i 38 Motivation and Formalism
2005 February 17 1.1.5H1.2 8H14{ | Derivation and Application

2005 February 22 Exam Review

2005 February 24 Prelim One

2005 March 1 2.0 14H18| | Lagrangian with Constraints: Pendulum Example
2005 March 3 2.2 18H20[ | Lagrange Multiplier Method

2005 March 8 2.3{3| 20H24| | Atwood Machine; Velocity-Dependent Potentials

2005 March 10 4 24 Conservation Laws

T
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