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Bayes Factor Evaluation

NCAA Regionals
March 23-25

3E Clarkson NCAA Men’s Frozen Four™!
2E Providence April 5 & 7

4E Mich. Tech

1E Notre Dame

3N Northeastern

2N Michigan

4N Boston Univ.

1IN Cornell

(Worcester, M
March 24-25

3W Minn.-Duluth
2W Minn. State
4W Air Force

: 1W St. Cloud St.
3M Penn State
2M Denver

4M Princeton

1M Ohio State
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Bayes Factor Evaluation CEN’I‘ER FOR

(COMPUTATIONAL
: RELATIVITY AND
‘b (GRAVITATION

TExampIe of Probabilistic Predictions

@ Model = predicted probs for outcome of each (possible) game
Based on info including regular season results

| CrdefBU 0.683 | BUdefCr 0.317 |
| Midef NE  0.541 | NEdef Mi  0.459 |

CrdefMi  0.624 | Midef Cr  0.376
Crdef NE 0.661 | NEdef Cr 0.339
BU def Mi  0.436 | Midef BU 0.564
BU def NE 0.476 | NE def BU 0.524

@ Note: outcomes may be correlated
e.g., team strength not well constrained by model

@ Combine == prob for each of 2'° possible “bracket” outcomes

John T. Whelan 1 Bradley-Terry for College Hockey UP-STAT, 2018 Apr 21
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Assessing Predictions with the Bayes Factor

@ Odds ratio for model comparison
P(M4|D, 1) _ P(D|M;, ) P(M]l)

P(Mz|D, 1)  P(D|May, ) P(Ma|l)

@ Here D = tourney results
Bayes factor 55"} only needs prob of actual set of results

(not all 2'° possible)
@ Convenient to compare each model to “tossup” model
where outcome of each game is 50-50:

B(M) = [ 2 x P(winner|M, )

game

For each game, pick up a factor between 0 and 2.

John T. Whelan rit Bradley-Terry for College Hockey UP-STAT, 2018 Apr 21
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Bayes factor for KRACH in 2018 NCAAs

T T T T T T T T T T

o
o

0.25

o
—
N
(¢1

Cumulative Bayes factor vs tossup

MidefBU i ih i
Ntdef Mif i
MD def Nt| i

Ntdef PV |- i N
OS def DU |- oiovieifoii

Nt def MT | Ny
PV def CK | viividiid
AF def SC | oiooper i
MDdef Mk |- i
BU def Cr - it
Midef NE|
MD def AF |- N
MD def OS |- ivooioo i

y for College Hockey
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Bayes factor for KRACH in NCAAs

g 262144 — N R S B S S
@ 65536
8

o 16384

>

5 4096

8 1024

[}

8 256

3]

o 64

o

2 16

s

>

5 4

a 1
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butline

9 Bayesian Bradley-Terry Models
@ Haldane (Maximum Likelihood)
@ Beta (Generalized Logistic)
@ Gaussian
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WKRACH Maximum Likelihood Bradley-Terry

@ Model: each team i c {1,...,t} has log-strength’ )\
Aj

P(idefj)=0; = = logistic(\; — )))

e+ eh
Zermelo 1929, Bradley & Terry 1952, (Butler 1993)
@ Given (reg season) results: W wins in n; games for /

against j, KRACH ratlngs ) satlsfy

and maximize |Ike|lh00d

t ot n; 5
PO mgh) =TT () )™

'or a strength ; = *

John T. Whelan 1 Bradley-Terry for College Hockey UP-STAT, 2018 Apr 21
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[CEUESEN] GR AVITATION

” Bradley-Terry w/Haldane Prior

e ML {X,-} = maximum a posteriori w/uniform (improper)
“Haldane” prior? f({\;}|lo) = const
@ Bayesian approach would marginalize over posterior
F{A Wi, lo) o< p({wi LA}, {ny})
to get P(D|wj, Ip) = [ d'\ P(DI{\i}, o) f({\i} Wi, o)
@ Approximate with Gaussian expansion about MAP point

fa({Ai} Wy, bo) oc exp ii( - ) ’/(Af Xf)

with inverse variance-covariance matrix

PP In f({\iHwj, Io)
N 0N,

t
= —n,'j(9,'j(9/','+(5,'j Z Nik OO ki
=N} k=1

Hj = —

2py analogy to Haldane 1932 in binomial case

John T. Whelan Bradley-Terry for College Hockey UP-STAT, 2018 Apr 21



Haldane (Maximum Likelihood)
Bayesian Bradley-Terry Models Beta (Generalized Logistic)
[CEWENEY]

Bayes factor for KRACH in NCAAs

% T T T T T T T T T T T T T T T /‘r )

D B5BBB [-i---i i :

8 :

-— .

2 ‘|6384~3

5 4096 |-:

5 : T

c 1024 cflin

» : S

o 256 |- SR R A

© : S

oM 64 |- R EE TR

o T

> 16 L T T S S T T

% 4 oL e HaIdaneMAP

= C T e= = Haldane Gaussian ||

8 1 P T T T T T T
O TV ONODO~AUMSTLW O N
OO0 00000 ™~ ~7™7m™r7m™—7T 7™ ™
e eoleolNolNolNoelNolololololNolNolNolNolNo
AN N AN AN AN AN AN AN AN AN ANANAN NN
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‘Bradley-Terry w/Beta Prior

@ Haldane prior improper == extreme results w/e.g., undefeated teams
Prefer proper prior which satisfies desiderata of Whelan 2018,

e.g., Beta(n,n) in ¢; = logistic(\;) = 17 € (0,1):

-n -
FOull) o (1+67) " (14 6Y)
n — 0is Haldane; n = 1 is uniform in ¢;
t -
@ MAP equations: v; +n = " njt; + 2n¢;
j=1

MLE w/2n games “split” vs “fictitious team” w/log-strength 0
n= % sometimes used to regularize KRACH (Butler 1993)

@ Gaussian approx w/

AN AN t - - - -
H,'/' = —n,-jﬁ,-j-ﬁj,- + 5/] <Z NikOikOki + 277CI'(1 - (/)>
k=1
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262144
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16384

4096
1024
256
64
16

Cumulative Bayes factor vs tossup

Haldane (Maximum Likelihood)
Beta (Generalized Logistic)
[CEUESEN]

Bayesian Bradley-Terry Models
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Bayes factor for KRACH in NCAAs
T T T T T T T T T T T T T T T FS T
. . . . . . . . . . . . _—
i """ |
A n = 0 Gaussian ||
S o 1 ile—e p=1MAP
/e = =1 Gaussian ||
I I I I I I I I I I I I I I I I
DT O OMNNOVDOODO—~—ANO WU O NN~
OO0 00000 r™"rmrrr~™7r— ™™ ™
O O O O O O OO0 000 OO0 O O O
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nii?radley-Terry w/Gaussian Prior

@ Convenient to work with Gaussian prior on {);}
(Leonard 1977; Whelan 2018)

2

f(ills) ocexp | -5

o — oo is Haldane
@ MAP equations:

t ~

~ N

vi=) i+ 5
j=1

@ Gaussian approx w/
L L
Hyj = =00 + 65 [ > nilixlii + —5
i ijYiYji if pa ikVikYki o2
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Haldane (Maximum Likelihood)

Bayesian Bradley-Terry Models Beta (Generalized Logistic)

Gaussian
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Cumulative Bayes factor vs tossup
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Bayes factor for KRACH in NCAAs
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ALt ot e—e =1 MAP
16 4L i ST to.i...i...i|e — n=1Gaussian

gl o | o= 1MAP
Lo : ©ot o e = g =1 Gaussian

1 I I I I I I I I I I I

O ST ONODNVDO~ANMSTTLO©IMNO®
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0.45
0.40
0.35
0.30
0.25
0.20
0.15
0.10
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T

T

T

T

Prior pdf

T

T
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Mot|vat|on for Hierarchical Model

@ Values of nin /, & o in I, arbitrary

@ Use hierarchical model w/hyperprior on hyperparameter
(Phelan & Whelan 2018) e.g.,

{2
F({A ), olly) oc o~ Texp <—Z'2_;2)\'> f(o|lh)

@ Uniform hyperprior on o?
MAP egns v, = Z nly+ % and 52=1%1 %

Problem: MAP p0|]nt isatc — 0

@ Phelan & Whelan 2018 used I'(«, 8) prior motivated
by variance of MLE {X,-} from previous season
Stillhave © — O unless o > t + 1

16/23 John T. Whelan rit Bradley-Terry for College Hockey UP-STAT, 2018 Apr 21



ENTER FOR
()\IPUT—\TIO\ AL
ATIVITY AND
GR AVITATION

Hierarchical Bradley-Terry Models

T

2009 ) o

2011 |
2013} i
2014 | NG

(Phelan & Whelan 2018)
17/23 John T. Whelan
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Hierarchical Bradley-Terry Models

T

0.5

2003 T
2004 e
2005 |- e

2011 |t
2012 | N
2013 |- e
2014 |-
2015 |t N
2016 |-t e
2017 |t
2018 |-

2009 |t i €
20101 D

2008 e
2007 )y
2008} g

mean(Ino) = 0.019, std(Ino) = 0.379
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Hierarchical Bradley-Terry Models

Log Normal Hierarchical Model
@ Use log-normal prior on o w/empirical parameters Inog &

t 2 2
‘ _t ~2iz1A° (Ino —1Inay)
{Ni}sInall) occ o™ exp 5,2 52
@ MAP eqgns
Ni q S 52 g —Inog
an t= =3 — 5.2

t
Vi = Z n,-/-ﬁ,'j + =
J=1

@ Gaussian approx w/ Hj = —n;6;0;; + §; (Z N Oxi + Az)

£2

and I_Ilﬂa' Inoc = 22’312>\, +

and H,' Ino = —3
Bradley-Terry for College Hockey
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Hierarchical Bradley-Terry Models

MAP Estimate of Hyperparameter

o8 standard deviation vs hierarchical parameter

T T T T T T T T T T T T T T T

20F: kR e
& 141 : f e S f
© . . . . . . . .
© : J . . . . . . .
& ORI/ 1 N\ bt f
0.7 11w 3 NS o 3
N A
N T IO O NN VOO~ AN M T I O© N~
OO0 0O 0O 0O 0O 0O r~—7™ ™ T™7rT7T™r7T™ ™ 7T
O O O O O O O O O OO0 O O O O O
[V o U o Uiy o \ I o VA o VI o BN o i o VAN oV BN o VRN o NN o\ BiN o VNN o VN o\
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S L

@ 262144 |1 oiooioo i

(@] . . . . . . . . . . . . . . . p Q

2 65536 |

> 16384 |

o :

:g 4096*5

§ 1024*% e — 77=0Gaussian

= 256 |- —— 5 =1MAP

m : .

o 64 | - — 5 =1 Gaussian

= 16 —— o=1MAP

S 4l - —o ¢ =1 Gaussian

S «— hierarchical MAP
1

(©)
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Takeaways

@ Bayes factors: evaluate probabalistic predictions after the fact
@ Bradley-Terry is definitely better than guessing!
@ Hard to distinguish details w/15 x 16 results

@ Hierarchical modelling is harder than it looks
(but maybe worth it)
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Finiteness of Maximum Likelihood Ratios

Solutions to vi = Y7j_y wj = 34 M= = 31 Nyf;

@ Obv, if k undefeated (vx = E/ 1 Ni), Tk = 00 & Vj ek, =1
@ More generally (Albert & Anderson 1984, Santner & Duffy 1986),
if you can make a “chain of wins” from j to j, write / I j

o If i > jbutj¥ i, then 7;/7, — oo, and 0; = 1
e Ifi>jand > i, then 7;/7 finite,and 0 < 6; < 1
o Ifi#jand ¥ i, then 7;/7; & 6; undetermined
@ Butler & Whelan 2000: teams split into “groups” (equiv classes)
within which ML ratios are finite;
ML ratios between groups are 0, co or undefined
Can summarize in Directed Acyclic Graph

John T. Whelan 5t ri Bradley-Terry for College Hockey UP-STAT, 2018 Apr 21
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@ Infinite or undetermined MLE ratios problematic

@ Problem goes away given enough data,
but compromises use of Bradley-Terry to rank teams
after a short season (e.g., College Football)
@ Counterintuitive:
@ beating an “infinitely worse” team does nothing to MLE
e impossible to be better than an undefeated team
@ Can resort to ad hoc regularization e.g., “fictitious games”
to force ratios to be finite (Butler, unpublished)

@ Motivates a Bayesian approach with prior information
(at least “nobody’s perfect”)
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i Ai=Inm; C":1—/|’£iﬁ/
e T =N — N — | N = In <G

o p(D|A) = p(D|r) with 7 = & but f(A|X) = eXi=1 % (| X)
@ Work with X because !, % =0, i.e., probabilities {0}
depend on combinations “orthogonal” to 3", \;
@ Note if prior f(A[/) is uniform, posterior f(A|D, /)
is maximized by maximum likelihood solution A
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